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In [l, pp. 102, 1041, Joel Cohen makes the following conjecture. 
Conjecture. If X is an acyclic 2-complex and riX is torsion-free, then X is 
aspherical. 
This note presents counterexamples to this conjecture. We note that Cohen’s second 
conjecture [l, p. 1021 is implied by the Whitehead conjecture. 
Recall that if M” is a connected topological n-manifold, then H,,M = 0 or Z. 
Lemma 1. Let M” be a non-simply-connected, connected topological n-manifold, 
n a 3. For any space X, M does not have the homotopy type of X v S”. 
Proof. If M-X v S”, then rrlX = qM is non-trivial. Let k denote the cardinality 
of TIM, so there is an imbedding 
(here _ denotes universal cover). But this is impossible since k > 1. 0 
Corollary. Let M” be a closed PL n-manifold with spine X. If n 3 3 and alM # 0, 
then T,,_~X # 0. 
Proof. By definition of spine, M =X U ae”. If X,-IX = 0, then M =X v S”. 0 
Call a 3-manifold M h-prime if M = M1 # M2 implies M1 = S3 or Mz 1: S3, where 
M, M1, Mt are closed. 
Lemma 2. If .E3 is an h-prime homology 3-sphere, then r2.E = 0. 
Proof. Suppose that nz.Y f 0; by the Sphere Theorem [4, p. 401 there is an S* c z‘ 
which is essential. By Alexander duality, 1 -S* has two components, Ci and C2. By 
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Mayer-Vietoris, HzC’i = 0 for i = 1,2. Since S’ is essential, we see that TiCi # 0. This 
contradicts the fact that 2 is h-prime. q 
Theorem 1. Let 2’ be an h-prime homology 3-sphere. Z is a K(lr, 1) if and only if 
77 = 7rJ is infinite. 
Proof. If 7r is infinite, then 2 is open and so H3$ = 0. By the preceding lemma this 
means $ is contractible and so 2 is a K(r, 1). The converse is clear. q 
Remark. In particular if rr is infinite, then it is torsion-free (this was shown in 
Theore:;, 8.2 of [3]). 
Theorem 2. There are acyclic, non-aspherical 2-complexes X such that rrlX is 
torsion-free. 
This provides counterexamples to Cohen’s conjecture. 
Proof. Dehn’s method of constructing homology 3-spheres & via surgery on torus 
knots yields groups 
(*) 7ri& = (ff, p: p2 = cupa, p3k = (Y6k-‘). 
(See [5, p. 691) If k > 1, then ?ri& surjects onto an infinite polyhedral group [2, 
p. 543 (& = S3 and Er is the Poincare homology sphere). By Grushko’s theorem ([4], 
p. 25), .& is h-prime. Hence, for k 2 2, the 2-dimensional spine xk of & satisfies the 
requirements of the theorem (corollary to Lemma 1). 0 
Remark. Indeed, by Theorem 1, ,& is a K(v, 1) for k ~2. Thus the required 
2-complex may be taken to be the one associated with the presentation (*). 
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